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Total Marks − 120 

Attempt Questions 1 - 8 

All questions are of equal value 

Answer each question in a SEPARATE writing booklet.  Extra writing booklets are available.  
 
 
Question 1  (15 marks) 

 
Marks 

a) Evaluate:  

 i) 
By completing the square, find 2

2
4 13

dx
x x+ +∫  

2 

    

 ii) Use integration by parts to evaluate 3 xxe dx∫ . 2 

    

 iii) 
Evaluate 

21

0

xxe dx−∫  
2 

    

b) Use the substitution 𝑡𝑡 = 𝑡𝑡𝑡𝑡𝑡𝑡 𝜃𝜃
2
 to evaluate 4 

  2

0

1
cos 2sin 3

d
π

θ
θ θ+ +∫  

 
Answer correct to 3 significant figures. 

 

    

c) i) Find real numbers a, b and c such that: 
 

 

  

( )( ) 22

7 4
1 21 2

x ax b c
x xx x

+ +
= +

+ ++ +
 

3 

    

 ii) 
Hence find 

( )2

7 4
1 ( 2)
x dx

x x
+

+ +∫  
2 

    

End of Question 1. 
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Question 2  (15 marks)  Use a separate writing booklet Marks 

a) Given A = 3 – 4i and B = 5 + 3i, express the following in the form x + iy, where x and 
y are real numbers. 

 

 i) B  – A  1 

    

 ii) AB  2 

    

 iii) 

B
A

 
2 

    

 iv) A  2 

    

b) If  iz 31 −= ,  

 i) Express z in mod-arg form. 1 

    

 ii) Show that 6z  is an integer. 2 

    

c) On the Argand diagram, sketch the region where the inequalities 

52 ≤≤ z   and  
3

2arg
6

arg ππ
<    hold simultaneously. 

3 

    

d) 

 

The points A and B are drawn 
on an Argand Diagram and are 
represented by the lines p and 
q respectively. 
 
Copy this diagram into your 
answer booklet. 
 
On this diagram plot the points 
( )qC −  and ( )qpD − . 

2 

End of Question 2. 
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Question3  (15 marks)  Use a separate  writing booklet Marks 

a) i) Sketch the curve ( )( )( )321)( +−+= xxxxf  showing the intercepts with 
the coordinate axes. 

2` 

    

 ii) On the same diagram, sketch the graph of )(xfxy −=  2 

    

 iii) The area bounded by )(xfy = , the x – axis and the ordinates x = – 3 and x 
= – 1 is rotated about the y – axis. 
 
Use cylindrical shells to find the volume of the solid of revolution formed. 

3 

    

b) A particle of unit mass moves in a straight line against a resistance equal to 2vv +  
where v is its velocity. Initially the particle is at the origin and is travelling with 
velocity q  where q > 0. 

 

    

 i) Show that v is related to displacement by the formula  
( ) cvx ++−= 1ln  

2 

    

 ii) Show that the time t which has elapsed when the particle is travelling with 
velocity v is given by: 

( )
( )qv

vqt
+
+

=
1
1ln  

3 

    

 iii) Find v as a function of t. 2 

    

 iv) Find the value of v as ∞→t . 1 

    

End of Question 3. 
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Question 4   (15 marks)  Use a separate  writing booklet Marks 

a) The equation 0122072 234 =−−−+ xxxx  has a double root. Find this root and 
hence solve this equation. 

3 

    

b) The equation 0724 23 =−+− xxx  has roots ., γβα and Find an equation which 

has roots 
γβα
11,1 and . 

2 

    

c) The graph of )(xfy =  is shown below.  

  

 On separate axes draw sketches of the following, showing any critical features.  

 i) 

( )xf
y 1
=  

 

    

 ii) ( )xfy ′=   

    

 iii) ( )xfy ±=   

Question 4 continues on the next page 

x

y

y = f(x)

O–2 –1 2 3

3
(0.5 , 2.7 )
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Question 4 continued.  

d)  4 

 The diagram above shows a solid which has the circle 2 2 16x y+ =  as its base. The 
cross-section perpendicular to the x axis is an equilateral triangle. Calculate the 
volume of the solid. 

 

End of Question 4. 
 

  

x

y

4

-4

-4

4
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Question 5  (15 marks)  Use a separate  writing booklet Marks 

a) The cubic 3y x=  is rotated about the y axis { : 0 2}x x≤ ≤ to form a solid. Calculate 
the volume of this solid using the method of slicing. 

3 

    

b) 
Z

X A B C

Y

 

3 

 Two equal circles touch externally at B. XB is a diameter of one circle. XZ is the 
tangent from X to the other circle and cuts the first circle at Y. 
Prove that 2 3XZ XY= . 

 

    

    

c) Use the principle of Mathematical induction to prove that: 
 

12 2 1 2 1
n nd x xn x

dx
−

   + = +    for 𝑛𝑛 ≥ 1, 𝑛𝑛 ∈ ℤ. 

 
Note： You should not use the function of a function rule (chain rule) as part of your 
proof. 

3 

    

d) i) Derive the reduction formula 

( ) ( ) ( )∫∫ −
+

+
−

+
= dxxx

m
n

m
xxdxxx nm

nm
nm 1

1

ln
11

lnln  

2 

    

 ii) 
Hence or otherwise, find ( )∫

e
dxxx

1

33 ln  
4 

    

End of Question 5. 
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Question 6  (15 marks)  Use a separate  writing booklet Marks 

a) 
A hyperbola has equation 12

2

2

2

=−
b
y

a
x

 
 

   

 i) Verify that the point P ( ),a sec b tanθ θ lies on the hyperbola. 2 

    

 ii) The normal to the hyperbola at P cuts the x-axis at M and N is the foot of the 
perpendicular from P to the x-axis. Prove that the equation of the normal at P 
is: 
 

( )2 2ax sin by a b tanθ θ+ = + . 

3 

    

 iii) Show that ONeOM 2= , where O is the origin and e is the eccentricity of 
the hyperbola. 

3 

    

 iv) Prove that SPeSM ×= , where S is the focus of the hyperbola. 3 

   

b) Find the equation of the tangent to the curve 0222 =−+ xyxyx  at the point (1, 
2). 

2 

    

c) Given that 3 i+  is a root of 3 2( ) 10P z z az bz= + + + , where a and b are real 
numbers, factorise  𝑃𝑃(𝑧𝑧) over real numbers. 

2 

   

End of Question 6. 
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Question 7  (15 marks)  Use a separate  writing booklet Marks 

a) A local council consists of 6 independents and 5 others aligned to political parties. A 
committee of 5 members is to be chosen at random. 

 

 i) How many committees of 5 can be chosen? 1 

    

 ii) How many of these committees will have a majority of independents? 2 

    

b) The equation 083 23 =++− axxx  has roots that are in arithmetic sequence.  Find 
the value of 𝑎𝑎 and hence solve the equation. 

4 

    

   

c) i) Differentiate 1 2sin 1x x− − −  2 

    
 ii) 

Hence show that 1 2

0

1 sin 1 1
1

a xdx a a
x

−+
= + − −

−∫  for 0 1a< < . 
1 

    

d) Given that 𝑠𝑠𝑠𝑠𝑠𝑠−1𝑥𝑥, 𝑐𝑐𝑐𝑐𝑐𝑐−1x and 𝑠𝑠𝑠𝑠𝑠𝑠−1(1 − 𝑥𝑥) are acute:  

 i) Show that: 
  sin⁡(𝑠𝑠𝑠𝑠𝑠𝑠−1𝑥𝑥 − 𝑐𝑐𝑐𝑐𝑐𝑐−1𝑥𝑥) = 2𝑥𝑥2 − 1. 

3 

 ii) Solve:  
𝑠𝑠𝑠𝑠𝑠𝑠−1𝑥𝑥 − 𝑐𝑐𝑐𝑐𝑐𝑐−1𝑥𝑥 = 𝑠𝑠𝑠𝑠𝑠𝑠−1(1 − 𝑥𝑥) 

 

2 

    

End of Question 7 
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Question 8  (15 marks)  Use a separate  writing booklet Marks 

a) i) Write expressions for sin ( )βα −  and cos ( )βα −  and hence show that: 

( )
1
tan tantan

tan tan
α βα β
α β
−

− =
+

 

3 

    

 ii) 
Hence write an expression for 

3
tan πα − 

 
in terms of tanα . 

1 

    

b) Given 𝑓𝑓(𝑥𝑥) = 𝑥𝑥 − log𝑒𝑒(1 + 𝑥𝑥2)  

    
 i) Show that 𝑓𝑓′(𝑥𝑥) ≥ 0 for all values of 𝑥𝑥. 3 

   

 ii) Hence deduce that 𝑒𝑒𝑥𝑥 > 1 + 𝑥𝑥2 for all positive values of 𝑥𝑥. 3 

    
 

c) i) 
Show that the tangent to the ellipse 12

2

2

2

=+
b
y

a
x

 at the point P ( )00 , yx has 

equation: 12
0

2
0 =+

b
yy

a
xx

. 

2 

    

 ii)  

3 
  

In the diagram above, the line PN is the normal to the ellipse 
2 2

1
25 9
x y

+ =  at 

P ( )00 , yx  and 1S  and 2S are the foci of the ellipse. 1NPS α∠ =  and

2NPS β∠ = . Show thatα β= . 

 

End of Examination 
 

x

y

S1S2

N

αβ

(-4, 0) (4, 0)

P (x0 , y0)
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 Solution Criteria 
1(a) 
(i) 2 2 2

1

2 2
4 13 ( 2) 3

2 ( 2)tan
3 3

dxdx
x x x

x c−

=
+ + + +

+
= +

∫ ∫  
2 Marks: Correct 
answer. 
1 Mark: Correctly 
completes the 
square 

1(a) 
(ii)  3 3 ( )

3( )

3 3

x x

x x

x x

dxe dx x e dx
dx

xe e dx

xe e c

=

= −

= − +

∫ ∫
∫

 
2 Marks: Correct 
answer. 
 
1 Mark: Set up of 
the integration by 
parts. 

1(a) 
iii) 

2 2

2

1 1

0 0

1

0

1 0

1 2
2
1
2
1 ( )
2

1 1(1 )
2

1
2

x x

x

xe dx xe dx

e

e e

e
e

e

− −

−

−

= − −

 = −  

= − −

= −

−
=

∫ ∫

 

2 Marks: Correct 
answer. 
 
 
1 Mark: Integrates 
correctly 
 
 

1(b) 
2

2

2

2

tan
1 sec
2 2
1 (1 )
2

2
1

t

dt d

dt t d

d dt
t

θ

θ θ

θ

θ

=

=

= +

=
+

 

When 0θ =  then 0t =  and when 
2
πθ =  then 1t =  

2 2

2

2

2

2

2

1 2(2 ) 3(1 )cos 2sin 3
1

2( 2 2)
1

2[1 ( 1) ]
1

t t t
t

t t
t

t
t

θ θ − + + +
+ + =

+
+ +

=
+

+ +
=

+

 

4 Marks: Correct 
answer. 
 
 
3 Marks: Correctly 
determines the 
primitive function 
 
 
 
 
2 Marks: Correctly 
expresses the 
integral in terms of 
t 
 
 
 
 
 
 
1 Mark: Correctly 
finds dθ  in terms 
of dt and 
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2

21

2 20 0

1

20

11

0

1

1 1 2
cos 2sin 3 2[1 ( 1) ] 1

1
1 ( 1)

tan ( 1)

tan 2
4

0.322

td dt
t t

dt
t

t

π

θ
θ θ

π

−

−

+
= ×

+ + + + +

=
+ +

 = + 

= −

=

∫ ∫

∫

 

determines the new 
limits. 

1(c) 
(i) ( )( ) 22

7 4
1 21 2

x ax b c
x xx x

+ +
= +

+ ++ +
 

27 4 ( )( 2) ( 1)x ax b x c x+ = + + + +  
Let 2

10 5
2

x
c

c

= −
− =

= −

 and 
2

0
4 (0 2) 2(0 1)

3

x
b

b

=

= + − +
=

 

Equating the coefficients of 2x 0 2
2
a

a
= −
=

 

2,  3 and 2a b c∴ = = = −  

3 Marks: Correct 
answer. 
 
2 Marks: 
Calculates two of 
the variables 
 
1 Mark: Makes 
some progress in 
finding a,b or c. 
 

1(c) 
(ii) ( ) ( )

( ) ( )

2 2

2 2

2 1

7 4 2 3 2( )
( 2)1 ( 2) 1

2 3 2( )
( 2)1 1

ln( 1) 3 tan 2ln | 2 |

x xdx dx
xx x x

x dx
xx x

x x x c−

+ +
= −

++ + +

= + −
++ +

= + + − + +

∫ ∫

∫

 2 Marks: Correct 
answer. 
 
1 Mark: Correctly 
finds one of the 
integrals. 

  /15  
 



 
Question 2 Trial HSC Examination -  Mathematics Extension 2 2011 
Part Solution Marks Comment 

a) i.  B  – A = (5 + 3i) −  (3 −  4i)  
          = 5 + 3i – 3 + 4i  
          = 2 + 7i 
 
ii. AB  = ( ) ( )ii 3543 +−  
            = 1220915 +−+ ii  
            = i1127 −  
            = 27 + 11i 
 

iii.  
i
i

B
A

35
43

+
−

=  

            = 
i
i

i
i

35
35

35
43

−
−

×
+
−  

           = 
925

1220915
+

−−− ii  

           = ii
34
29

34
3

34
293

−=
−  

 
iv.  Let iyxA +=     (a and b real) 
         ∴A  =  x2 – y2 + 2xyi 
         ∴ x2 – y2 = 3 -------------------(1)    
             2xy = −4 
                                         
( ) ( ) 22222222 4 yxyxyx +−=+  
                   = 22 43 +  

                   = 25 
     522 =+ yx      ------------------- (2) 
 
(1) + (2)       282 2 ±=→= xx  
( ) ( ) 12212 2 ±=→=− yy  
 
Since 2xy = −4 
 
         ( )iA −±= 2  
 
 
 
 
 
 
 
 
 
 

 
1 
 
 
 
1 
 
 
1 
 
 
 
 
1 
 
 
 
 
1 
 
 
 
 
 
 
 
 
 
1 
 
 
 
 
 
 
 
 
 
1 
 

 
 
 
 
 
Expansion 
 
 
Conjugate 
 
 
 
 
Realising 
denominator 
 
 
 
Answer 
 
 
 
 
 
 
 
 
 
Any fair method 
 
 
 
 
 
 
 
 
 
Answer 
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Part Solution Marks Comment 

b) i.  231 =+=r  

3 3
1

tanθ −
= = −  

        
3
πθ −=∴  







−=−

3
231 πcisi  

 

ii. 













−+






−=−=

3
sin

3
cos231 ππ iiz  

    













−+






−=∴

3
6sin

3
6cos646 ππ iz  

             = 64 cis ( )π2−  
             = 64 

 
 
 
 
 
 
1 
 
 
 
 
 
 
1 
 
1 

 
 
 
 
 
 
Mod-Arg Form 
 
 
 
 
 
Use of De Moivre’s 
 
Solution 

c)  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
1 
 
 
 
1 
 
 
 
1 

 
 
 
 
 
Circles 
 
 
 
Rays 
 
 
 
Correct Region 
 
 
 
 
 

x

y

5

2 π
6

π
3
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Part Solution Marks Comment 

d) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
2 

 
 
 
 
1 each for correctly 
plotting C and D 
 
 
 
 
 
 
 
 
 
 
 
 

  /15  

C 

D 
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Part Solution Marks Comment 

a) i.  ( ) ( ) ( ) ( )321 +−+= xxxxf  
 
 

 
 
 
 
ii. ( )xfxy −=  
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
1 
 
 
 
1 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Intercepts 
 
 
 
Correct shape 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Deduct a mark 
for a major 
feature missing 
or incorrect,  

-6 

-6 

3 
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Part Solution Marks Comment 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
b) 

iii. 
  
 
 
 
 
 
 
 
 
 
( ) ( ) ( ) ( )321 +−+= xxxxf  

         = ( )652 23 −−+ xxx  
 
By cylindrical shells 
                                        

  ∫=
b

a
dxxyV π2  

  ( )dxxxxxV ∫ −−+=
3

1

23 6522π  

      = ( )∫ −−+
3

1

234 6522 dxxxxxπ  

      
3

1

2
345

3
3

5
25

2 







−−+= xxxxπ  

      = 













−−








30
293

10
1172π  

 

      = 
15

632π  

 
 
i. 

( )2
..

vvx +−=  

( )2vv
dx
dvv +−=  

( )
v

vv
dx
dv 2+−

=  

vdv
dx

+
−

=
1

1  

∫ +
−= dv

v
x

1
1  

( ) cvnx ++−= 1  
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1 
 
 
 
1 
 
 
 
 
 
 
1 
 
 
 
 
 
 
 
 
 
 
 
1 
 
 
 
1 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

x

y

–3 –1 1

y = f(x)

3

3 
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Part Solution Marks Comment 

 ii. 

( )2vv
dt
dv

+−=  

( )2

1
vvdv

dt
+

−=  

( )2

dvt
v v

= −
+∫  

( )1
dvt

v v
= −

+∫                                         ( ) v
B

v
A

vv +
+=

+ 11
1  

1 1
1

t dv
v v

 
= − − + ∫                              1 = A(1 + v) + B(v) 

( )
1 1

1
t dv

v v
 

= −  + ∫                              v = 0   A = 1 

( ) cvnvnt +−+= )(1                            1 1 v Bv= + +  

c
v

vnt +





 +

=
1

                                          1Bv v B= − ∴ = −  

When t = 0, v = q 
10 qn c

q
 +

= + 
 ∫ �  








 +
−=

q
qnc 1

  









+

=
q

qnc
1

  

 









+

+





 +

=∴
q

qn
v

vnt
1

1
  

( )
( )









+
+

=
qv
vqnt

1
1

  

 

iii.       Now   ( )
( )qv

vqe t

+
+

=
1
1  

( ) qvqeqv t +=+1  
qvqqveev tt +=+  
qqvqveev tt =−+  

( ) qqqeev tt =−+  

t t

qv
e qe q

=
+ −

    

 
iv.    0, →∞→ vtAs  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1 
 
 
 
 
 
 
 
 
 
 
1 
 
 
 
 
 
1 
 
 
 
 
 
1 
 
 
 
 
1 
 
1 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Expression for t 
 
 
 
 
 
 
 
 
 
 
Value of c 
 
 
 
 
 
Solution 
 
 
 
 
 
 
 
 
 
 
 
 
Value 

 

 

3 
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Part Solution Marks Comment 

a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
b) 
 

i.  0122072 234 =−−−+ xxxx  
 
If  4 3 2( ) 2 7 20 12f x x x x x= + − − −  
 
Double root then 
 

0201464)( 23 =−−+=′ xxxxf  
Test roots of ( )f x′  
Since ,0)2()2( =−=−′ ff there is a double root at 2−=x . 
 
Therefore f (x) is divisible by ( )22+x  
i.e. 442 ++ xx  
 

By division, 
( ) ( ) ( )

( ) ( )13)2(
3244

2

22

+−+=

−−++=

xxx
xxxxxf

 

 
i.e. Solutions 1,3,2,2 −−−=x  
 
    0724 23 =−+− xxx  

For roots of 
γβα
11,1 and      

X
x 1
=  

 

0712141 23

=−





+






−






∴

XXX
 

07241
23 =−+−

XXX
 

07241 32 =−+− XXX  
 
ie. Equation is  01427 23 =−+− xxx  
 
 
 

 
 
 
 
 
 
 
 
 
1 
 
 
 
 
 
 
 
1 
 
 
1 
 
 
 
 
 
 
 
1 
 
 
 
 
 
1 
 
 

 
 
 
 
 
 
 
 
 
Double root 
 
 
 
 
 
 
 
Division 
 
 
Solution 
 
 
 
 
 
 
 
Substitution 
 
 
 
 
 
Equation 
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Part Solution Marks Comment 

c) i. 

( )xf
y 1
=  

                                                             
 
 
 
 
 
 
 
 
 
 
 
ii. 

( )xfy ′=  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
iii.  

( )xfy ±=  
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
2 

Each 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2 
 
 
 
 
 
 
 
 
 
 
 
 
2 
 
 
 
 
 

 
 
 
Deduct a mark for a 
major feature 
missing or incorrect, 
e.g. asymptotes not 
correct 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

x

y

y = 1
f(x)

O–2 –1 2 3

1
3 (0.5 , 0.4 )

x

y

y = f ′(x)
O–2 –1 2 3

3

0.5

x

y

y = ± f(x)

O–2 –1 2 3

3 (0.5 , 1.6 )

– 3
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Part Solution Marks Comment 

d)  
 
 
 
 
 
 
 
 

1622 =+ yx                              60 hsin
l

=  

216 xy −=                             60h l sin=  
 

2162 xl −=∴                        lh
2
3

=  

 
                    2163 xh −=∴  
 
 

bhxA
2
1)( =  

          = ( )( )22 163162
2
1 xx −−  

          = ( )2163 x−  
 

( )
4

2

4
3 16V x dx

−

= −∫  

       = 
43

4

3 16
3
xx

−

 
− 

 
 

       = 256 3
3

  

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1 
 
 
 
 
 
 
 
1 
 
 
1 
 
 
 
1 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Expression for h 
 
 
 
 
 
 
 
Area 
 
 
Integral 
 
 
 
Answer 
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x

y

A

B

(4,0)(–4  ,0)

AB

ll

l

h



 
Question 5 Trial HSC Examination -  Mathematics Extension 2 2011 
Part Solution Marks Comment 

5(a) Area of the slice is a circle radius is x and height yδ  
2

1
23

2
3

( )

A x

y

y

π

π

π

=

=

=

 

.V A yδ δ δ=  
28
3

0 0

28
3

0
85

3

0
5
3

lim

3
5

3 8
5

96  cubic units
5

y y
V y y

y dy

y

δ
π δ

π

π

π

π

→
=

=

=

 
=  

 

= ×

=

∑

∫

 

3 Marks: Correct answer. 
 
 
 
2 Marks: Correct integral 
for the volume of the 
solid. 
 
 
 
 
 
1Mark: Correct 
expression for the 
volume of the solid. 
 

5(b)   

Z

X A B C

Y

 
Construction: Join BY, produce XB to C, join CZ. 
Proof: 
 090XYB∠ = (angle in a semicircle is a right angle) 

090XZC∠ = (angle between tangent and radius is a right angle) 
CZBY ||  (corresponding angles are equal) 

  XYB XZC∆ ∆ (equiangular) 

XY XB
XZ XC

= (corresponding sides of similar triangles)  

However 2
3

XB
XC

=   ( 1
2

BC XB= ) 

2
3

2 3

XY
XZ

XZ XY

=

∴ =
 

3 Marks: Correct answer. 
 
2 Marks: Makes 
significant progress 
towards the proof. 
 
 
 
 
1 Mark: States a relevant 
circle theorem property 
or  
equivalent statement. 
 
 
 
 



Question 5 Trial HSC Examination -  Mathematics Extension 2 2011 
Part Solution Marks Comment 

c) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d) 
 
 

12 2Prove  1 2 1
n nd x xn x

dx
−

   + = +     

 
Test n = 1 

12 2

1 12

1 1

2

2 (1) 1

True for 1

d dx x
dx dx

x

x x

n

−

   + = +   

=

 = + 
∴ =

 

                     
Assume true for n = k 

12 2i.e. Assume 1 2 1
k kd x xk x

dx
−

   + = +     

Consider  n = k + 1 

( )12 2Want to show 1 2 1 1
k kd x x k x

dx
+

   + = + +     

( )

( ) ( ) ( )
( ) ( )
( )( )

12 2 2

12 2 2

2 2

2

LHS = 1 1 1

1 .2 1 1 .2

2 1 2 1

2 1 1

 True for 1 if true for 

k k

k k

k k

k

d dx x x
dx dx

x kx x x x

kx x x x

x k x

n k n k

+

−

   + = + +   

= + + + +

= + + +

= + +

∴ = + =

 

But true for n = 1 
∴true for n = 1 + 1 =2 etc 
 
Hence by Mathematical induction, true for all 1n ≥  
 
 
 
i. 

( ) dxxx nm∫ ln               ( ) mn xvxu =′= ln  
  

                                  ( )
1

ln 11

+
==′

+−

m
xv

x
xnu

mn

                

dxuvuv ∫ ′−=  

( ) ( )
( ) dx
mx

xnx
m

xx nmmn

∫ +
−

+
=

−++

1
ln

1
ln 111

 

( ) ( )[ ] dxxx
m

n
m

xx nm
mn

∫ −
+

+
−

+
= 1

1

ln
11

ln  

 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
1 
 
 
 
 
 
 
 
 

 
 
1 
 
 
 
 
 
1 
 
 
 
 
 
 
 
 
 
 
 
 
1 
 
 
 
 
 
 
 
1 

 



Question 5 Trial HSC Examination -  Mathematics Extension 2 2011 
Part Solution Marks Comment 

d) ii. 

( ) ( ) ( ) dxxxxxdxxx
e

e
e







−








= ∫∫

2

1

3

1

34

1

33 ln
4
3

4
lnln  

                             

( ) ( ) ( )( )












−







−








= ∫ dxxxxxxx e

ee

1

13

1

24

1

34

ln
4
2

4
ln

4
3

4
ln  

 

( ) ( ) ( )( ){ }dxxxxxxx e
e

∫+







−=

1

13

1

2434

ln
8
3

16
ln3

4
ln  

( ) ( ) ( ) ( )( )






−







+








−= ∫ xxxxxxxx e

ee

1

03

1

14

1

2434

ln
4
1

4
ln

8
3

16
ln3

4
ln

 

( ) ( ) ( )
∫−








+−=

e
e

dxxxxxxxx
1

3

1

142434

32
3

32
ln3

16
ln3

4
ln  

( ) ( ) ( ) e
xxxxxxx

1

4142434

128
3

32
ln3

16
ln3

4
ln









−+−=  

4 4 4 4

4

3 3 3 3
4 16 32 128 128

17 3
128

e e e e

e

   = − + − +     
+

=

 

 
 
 

 
 
 
 
 
 
 
1 
 
 
 
 
 
1 
 
 
 
 
 
 
1 
 
 
 
 
1 
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Question 6 Trial HSC Examination -  Mathematics Extension 2 2011 
Part Solution Marks Comment 

a) i. 
( ) ( )2 2

2 2 1
a sec b tan

a b
θ θ

− =  

2 2 2 2

2 2

a sec b tanLHS
a b

θ θ
= −  

2 2

2 21
1

sec tan
tan tan

RHS

θ θ

θ θ

= −

= + −
=
=

 

 
Therefore P lies on the hyperbola 
 
ii. 

12

2

2

2

=−
b
y

a
x  

022
22 =−∴

dx
dy

b
y

a
x  

ya
xb

dx
dy

2

2

=∴  

At ( ),a sec b tanθ θ  

( )
( )

2

2

b a secdy b sec
dx a b tan a tan

θ θ
θ θ

= =  

bm cosec
a

θ∴ =  

 

Gradient of Normal = a sin
b

θ−  

Equation:   

 

( )

( ) ( )

2 2

2 2

2 2 1

ay b tan sin x a sec
b

by b tan ax sin a sec sin
ax sin by b tan a tan

ax sin by a b tan

θ θ θ

θ θ θ θ

θ θ θ

θ θ

− = − −

− = − +

+ = +

+ = + − − − − − − −

 

 
 
 
 

 
 
1 
 
 
 
 
 
1 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1 
 
 
 
 
 
1 
 
 
 
 
 
 
1 

 



Question 6 Trial HSC Examination -  Mathematics Extension 2 2011 
Part Solution Marks Comment 

a) iii. 
Coordinates of N are ( ), 0a secθ  
For M, sub y = 0 into (1) 

( )2 2ax sin a b tanθ θ= +  

( )2 2a b tan
x

a sin
θ

θ

+
∴ =  

( )2 2a b sec
x

a
θ+

∴ =  

Coordinates of M are 
( )2 2

, 0
a b sec

a
θ +

 
 
 

 

( )2 2a b sec
OM

a
θ+

∴ =  

 
Now ( )2 2e ON e a secθ=  

Also for a hyperbola   ( )1222 −= eab  

                                2
2

2

1 e
a
b

=+  

                                2
2

22

e
a

ba
=

+  

2 2
2

2

a be ON a sec
a

θ
 +

∴ =  
 

 

               
( )2 2a b sec

a
OM

θ+
=

=

 

 
 

 
 
 
 
 
 
 
1 
 
 
 
 
 
 
1 
 
 
 
 
 
 
 
 
 
 
 
1 
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Part Solution Marks Comment 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

iii. 

( )

2 2

2 2

1

a bSM ae sec
a

a eae sec
a

ae e sec

θ

θ

θ

+
= −

= −

= −

                               

( )2 2 2

2 2 2 2

2 2 2 2

1b a e

b a e a
a b a e

= −

= −

+ =

 

 

( ) ( )

( )

2 2

2 2 2 2 2 2 2 2

0

2 1

Now SP ae a sec b tan

a e ea sec a sec a e tan

θ θ

θ θ θ

= − + −

= − + + −
 

= ( )( )2 2 2 22 1 1a e e sec sec e secθ θ θ− + + − −  

= 2 2 2 2 2 22 1a e e sec sec e sec e secθ θ θ θ− + + − − +  

= 2 2 2 1a e sec e secθ θ− +  

= ( )21a e sec θ−  

= ( )1a e secθ−  
 

( )1e SP ae e sec
SM

θ∴ = −

=
 

 
 

 
 
 
 
 
 
1 
 
 
 
 
 
 
 
 
 
 
 
1 
 
 
1 
 
 
 

 

 

b)  
0222 =−+ xyxyx  

 

02222 2 =−−++
dx
dyxy

dx
dyxxy  

( ) 22222 −−=− xyyxx
dx
dy  

xx
xyy

dx
dy

2
222

2 −
−−

=  

 
At (1, 2) 
 

( ) ( )( )
( )2

2 2 2 1 2 2
1 2 1

2 2
1

dy
dx

− −
=

−

−
= =
−

 

 
( )2 2 1

2 2 2
2

y x
y x
y x

− = −

− = −
=

 

 
 
 
 
 
 
 
 

1 
 
 
 
 
 
 
 
 
 
 
 
 
 
1 

 
 
 
 
 
 
 
 
Implicit 
Differentiation 
 
 
 
 
 
 
 
 
 
 
 
 
Equation 

c) All the coefficients of P(z) are real. Then any complex roots occur in 
conjugate pairs. Since 3 i+  is a root then 3 i−  is a root 

1 3 – i with correct 
explanation 



Question 6 Trial HSC Examination -  Mathematics Extension 2 2011 
Part Solution Marks Comment 

  Roots are 3 i+ , 3 i−  and α  

2

10(3 )(3 )
1

(9 ) 10
10 10

1

i i

i

α

α
α
α

+ − = −

− = −
= −
= −

 

2

( ) ( 1)[ (3 )][ (3 )]
( 1)( 6 10)

P z z z i z i
z z z

= − − − + − −

= + − +
 

1 Correct answer 

    
  /15  
 



 
Question 7 Trial HSC Examination -  Mathematics Extension 2 2011 
Part Solution Marks Comment 

a)i) 
 
 
 
 
ii) 
 
 
 
 
 
 
 
 
 
 
 
 
 
b) 
 
 
 
 
 

From 11 people, total number of committees of 5 
= 5

11C  
=   462 
 
Independent majority on a committee of 5, chosen from 6 
independents (I) and 5 politically aligned (PA). 
 
5 (I) 0 (PA)    Number = 60

5
5

6 =× CC  

4 (I) 1 (PA)    Number = 755151
5

4
6 =×=× CC  

3 (I) 2 (PA)    Number = 20010202
5

3
6 =×=× CC  

 
Total number of committees with Independent majority  
 = (6 + 75 + 200) 
 = 281 
 
 
 

083 23 =++− axxx  
 
Let Roots be βααβα +− ,,  
 

Sum (1 at Time): 
a
b−

=+++− βααβα  

                             33 =α  
                               1=α  
 

Product :  ( ) ( )
a
d−

=+××− βααβα  

                    823 −=− αβα  
                          81 2 −=− β     
                              92 =β  
                               3±=β  
 

 
1 
 
 
 
 
 
 
 
1 
 
 
 
1 
 
 
 
 
 
 
 
 
 
 
1 
 
 
 
 
 
 
1 

Correct 
 
 
 
 
 
 
1 mark some 
progress showing 
understanding  

b) 
 
 
 
 

Sum (2 at a time) = 

( ) ( ) ( ) ( )
a
c

=+−+++− βαβαβααβαα  

a=− 223 βα  
( ) a=− 22 313  

6−=a  
 

Therefore roots are βααβα +− ,,    i.e. 4,1,2−  
 

 
1 
 
 
 
 
 
1 
 
 

 



Question 7 Trial HSC Examination -  Mathematics Extension 2 2011 
Part Solution Marks Comment 

c)i) 1 2

1
2 2

2

2 2

2

sin 1

1 1 (1 ) 2
21

1
1 1
1
1

1
(1 )(1 )

1
1

y x x

dy x x
dx x

x
x x
x
x

x
x x

x
x

−

−

= − −

= − − ×−
−

= +
− −
+

=
−

+
=

+ −

+
=

−

 

Result defined for 1 1x− ≤ ≤  

 
 
1 
 
 
 
 
 
 
 
 
 
 
1 

 
 
 
1 Mark Correctly 
differentiates the 
function  
 
 
 
 
 
2 Marks: Correct 
answer. 
 

ii) 
1 2

0 0

1 2 1

1 2

1 2

1 sin 1
1

(sin 1 ) (sin 0 1)

sin 1 1

sin 1 1

aa xdx x x
x

a a

a a

a a

−

− −

−

−

+  = − − −

= − − − −

= − − +

= + − −

∫
 

1 1 Mark: Correct 
answer 
 

d)i) 

 

 
 
 
 
2 
 
 
 
 
 
1 

 

ii) 

 

2 
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Question 8 Trial HSC Examination -  Mathematics Extension 2 2011 
Part Solution Marks Comment 

a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

( )sin sin cos cos sinα β α β α β− = −  

( )cos cos cos sin sinα β α β α β− = −  

( ) ( )
( )

sin
tan

cos
α β

α β
α β
−

− =
−

 

sin cos cos sin
cos cos sin sin

α β α β
α β α β

−
=

−
 

 
Divide everything by cos cosα β  

sin cos cos sin
cos cos cos cos
cos cos sin sin
cos cos cos cos

α β α β
α β α β
α β α β
α β α β

−
=

−
 

1

sin sin
cos cos

sin sin
cos cos

α β
α β

α β
α β

−
=

−
 

1
tan tan

tan tan
α β
α β
−

=
−

 

ii.    33
3 1 3 1  

3

tan tan tantan
tantan tan

παπ αα π αα

− − − = =  +  +
 

 
1 
 
 
 
 
 
 
 
 
 
 
1 
 
 
 
 
 

 
 
1 
 
 

 
1 
 

 
1 for the two 
expressions. 
 
 
 
 
 
 
 
 
Any fair proof 
 
 
 
 
 
 
Final result 
 
 
 

b)i) 

 

3 

 

ii) 

 

3  

 

+ 

+ 

+ 

+ 

+ 
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Part Solution Marks Comment 

c) i. 

12

2

2

2

=+
b
y

a
x  

022
22 =+

dx
dy

b
y

a
x  

22

22
a

x
dx
dy

b
y

−=  

ya
xb

dx
dy

2

2

−=              

 At ( )00 , yx                  Equation ( )11 xxmyy −=−              

  
0

2
0

2

ya
xb

m −=                         ( )0
0

2
0

2

0 xx
ya
xb

yy −−=−                               

                                    0
22

0
22

0
2

0
2 xxbxbyayya +−=−  

                                    222
0

2
0

2
0

2 xbyayyaxxb +=+  
Divide every thing by 22ba  

                                     2

2
0

2

2
0

2
0

2
0

b
y

a
x

b
yy

a
xx

+=+  

But 12

2
0

2

2
0 =+

b
y

a
x

 

 

                            12
0

2
0 =+∴

b
yy

a
xx

 

 
 

 
 
 
 
 
 
 
 
 

1 
 
 
 
 
 
 
 

1 

 
 
 
 
 
 
 
 
 
 
 
 
Gradient 
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Part Solution Marks Comment 

ii) 2 2

2 2

Ellipse is 1
25 9

or  9 25 225

x y

x y

+ =

+ =
 

 

0 0

0 0

0 0

0

0

0

0

Equation of tangent is    1
25 9

Differentiate implicitly.

0
25 9

9 25
9

25
25Gradient of normal =
9

xx yy

x ydy
dx

y xdy
dx

xdy
dx y

y
x

+ =

+ =

= −

= −

     

0
1

0

0
2

0

Gradient of =
4

Gradient of =
4

yPS
x

yPS
x

−

+

  

( )

( )

( )

( )
( )

0 0 0 0 00 0

0 00 0
2 2

0 0 0 0 0

0 0 0 0

0 0 0
2 2

0 0 0

0 0 2 2
0 0

0

0 0

0

0

25 100 925
9 49 4

25 9 36 251 .
9 4 9 4

16 100
9 25 36

4 4 25
      since P lies on ellipse 9 25 225

225 36

4 4 25
9 25 4

4=  
9

x y y x yy y
x xx xtan y y x x y

x x x x

x y y
x y x

y x
x y

x

y x
x

y

α

− −
−

−−
= =

− ++
− −

−
=

+ −

−
= + =

−

−
=

−

 

( )

( )

( )
( )

0 0 0 0 00 0

0 00 0
2 2

0 0 0 0 0

0 0 0 0

0 0 0
2 2

0 0 0

0 0 2 2
0 0

0

0

25 100 925
9 49 4

25 9 36 251 .
9 4 9 4

16 100
9 25 36

4 4 25
      since P lies on ellipse 9 25 225

9 25 4

4=  =
9

   = 

x y y x yy y
x xx xtan y y x x y

x x x x

x y y
x y x

y x
x y

x

y tan

β

α

α β

+ −
−

++
= =

+ ++
+ +

+
=

+ +

+
= + =

+

∴

 

 

 
 
 
 
 
 
 
 
 
1 
 
 
 
 
 
 
 
 
 
 
 
 
 
1 
 
 
 
 
 
 
 
 
 
 
1 

 
 
 
 
 
 
 
 
 
 
 
 
 
1 for individual 
gradients 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1 for expressions 
for one angle or tan 
of angle 
 
 
 
 
 
 
 
 
 
 
1 for second angle 
and equality 
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